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EQUIVALENCES BETWEEN CATEGORIES OF MODULES AND
CATEGORIES OF COMODULES
JOOST VERCRUYSSE
Abstract. We show the close connection between appearingly different Galois theo-
ries for comodules introduced recently in [11] and [16]. Furthermore we study equiv-
alences between categories of comodules over a coring and modules over a firm ring.
We show that these equivalences are related to Galois theory for comodules.
1. Introduction
The classical Galois theory of for finite field extensions has a formulation in terms of
Hopf algebras. If one takes H = kG∗ where G is the group of automorphisms of a field
L ⊃ k, and puts F = LG the field fixed by G, than L is an H-comodule and L is a
Galois extension of F if and only if L⊗F L ∼= L⊗k H , by a canonical map (see e.g. [7,
Example 6.4.3 1)]). This example has led to a range of generalizations, all under the
name of Galois theory (We refer to [5] and [17] for a profound overview). A comodule
algebra A over the Hopf algebra H , is called an H-Galois extension of AcoH if and only
if the canonical map
can : A⊗AcoH A→ A⊗k H, can(a⊗ a
′) = aa′[0] ⊗ a
′
[1],
is an isomorphism, where ρA(a) = a[0] ⊗ a[1] denotes the H-coaction on A.
It was observed in [2] that Hopf-Galois theory and its generalizations can be beau-
tifully reformulated using the language of corings. The Galois corings of [2] have been
generalized by El Kaoutit and Go´mez-Torrecillas in [8], leading to the notion of Galois
comodule. An essential aspect of a Galois comodule from [8] is that it is necessarily
finite (by this, we mean that it is finitely generated and projective as a right module).
In recent publications, several attempts have been made to introduce a notion of
infinite Galois comodule. In [11], Go´mez-Torrecillas and the author consider Galois
comodules over firm rings, this construction generalizes infinite Galois comodules in-
troduced in [9, 6]. An alternative generalization has been proposed by Wisbauer in
[16]. The aim of this paper is to study the relationship between these two notions (Sec-
tion 4). Our results are based on characterisations of equivalences between categories
of comodules and categories of (firm) modules (Section 3).
In Section 2 we have collected basic properties of Galois comodules over firm rings.
One remarkable fact is the observation that firm rings and their firm modules can be
identified with corings over the Dorroh extension of this firm ring and the comodules
over this coring (Theorem 2.2). Based on properties of pairs of adjoint functors be-
tween categories of modules and comodules over firm rings, we introduce in Section 3
comonadic-Galois comodules as a refinement of the notion of Galois comodule in the
sense of [16]. It follows from elementary observations that comonadic Galois-comodules
are Galois comodules in the sense of [16]. Nevertheless, to study equivalences between
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comodule and module categories, the interaction with firm rings is essential to pass the
finiteness border, as follows from the discussion below. Our main result (Theorem 3.4)
gives a characterisation of pairs of inverse equivalences between the category of modules
over a firm ring and the category of comodules over a coring. More specifically, any
such equivalence can be obtained from a Galois comodule in the sense of [11]. As an
application, we characterize equivalences between categories of comodules and modules
over rings with unit, local units or idempotent local units (see Corollaries 3.5, 3.5 and
3.7). An important implication of our theory is the fact that any equivalence between a
category of comodules and a category of modules implies a certain generalised projec-
tivity condition (what we named ‘firmly projectivty’ in this note) on a generator of the
category of comodules, which plays the role of the Galois comodule. In case of an equiva-
lence between a category of comodules with a category of modules over a ring with unit,
this implies that the generator is always finitely generated and projective, and ‘finite’
Galois theory comes into play. This indicates that firm rings play an important role if
one wants to study Galois theories that go beyond the case where the Galois comodule
is finitely generated and projective. The main result of Section 4 states that the notion
of Galois comodule and comonadic Galois comodule coincide when the comodule under
considaration satisfies a generalized notion of projectivity (see Theorem 4.2). Another
remarkable result is Theorem 4.5 : if Σ is a comonadic Galois comodule in the sense
of [16], then the underlying coring C is isomorphic to a comatrix coring associated to a
comatrix coring context over a firm ring, as introduced in [11].
2. Galois theory for comodules bounded by firm rings
Corings and Comodules. Let A be an associative ring (with unit). An A-coring
consists of an A-bimodule C, and two A-bilinear maps
∆C : C→ C⊗A C, εC : C→ A,
such that the following diagrams commute
C
∆C //
∆C

C⊗A C
∆C⊗AC

C⊗A C
C⊗A∆C
// C⊗A C⊗A C
C
∆C
((RR
RR
RR
RR
RR
RR
RR
RR C⊗A A
∼=oo
A⊗A C
∼=
OO
C⊗A C
εC⊗AC
oo
C⊗AεC
OO
Remark our convention to denote the identity morphism on an object X by the same
character X . We will make use of the Sweedler notation ∆(c) = c(1) ⊗A c(2) and (C⊗A
∆C) ◦∆(c) = (∆C⊗A C) ◦∆(c) = c(1) ⊗A c(2) ⊗A c(3).
A right C-comodule is a pair (M, ρM), where M is a right A-module and ρ : M →
M ⊗A C, ρM(m) = m[0] ⊗A m[1] is a right A-linear map, such that (ρM ⊗A C) ◦ ρM =
(M ⊗A ∆C) ◦ ρM and (M ⊗A εC) ◦ ρM = M . A right A-linear map f : M → N between
the right C-comodules M and N is said to be right C-colinear if ρN ◦ f = (f ⊗A C) ◦ ρM .
The category of all right C-comodules and right C-colinear maps is denoted by MC. If
B is a second ring, then BM
C is the notation for the category of all left B-modules M
which also have a right C-comodule structure and such that the comultiplication ρM on
M is left B-linear. Morphisms in BM
C are maps that are left B- and right C-colinear.
For a comprehensive introduction to the theory of corings an comodules we refer to
the monograph [4].
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Firm rings. Let R be an arbitrary ring, not necessary with unit. By MR we denote
the category of right R-linear maps and all right R-modules satisfying the property that
the multiplication map
µM,R : M ⊗R R→M, µM,R(m⊗R r) = mr,
establishes an isomorphism. In this case, we denote the inverse map as
dM,R :M →M ⊗R R, dM,R(m) = m
r ⊗ r.
We callMR the category of firm right R-modules. Similary one introduces the category
RM. It is easy to check that R ∈ MR is equivalent to R ∈ RM, in this situation we
refer to R as a firm ring and we will denote the structure maps of R by µR and dR.
The category MR is abelian provided that R ∈MR, in that case R is also a generator
of the category. We call M ∈ MR flat provided that the functor M ⊗R − : M˜R → Ab
is exact, where M˜R denotes the category of all (possibly non-firm) R-modules. If R is
flat as a left R-module, thenMR is a Grothendieck category and kernels, cokernels and
coproducts can be computed in Ab.
Let R be a (non-unital) ring. Recall (see e.g. [15, section 1.5]) that the Dorroh-
extension of R is a unital ring R̂ = R × Z containing R as a two-sided ideal by the
canonical injection ι : R→ R̂, ι(r) = (r, 0). The multiplication in R̂ is given by
(r, x)(r′, x′) = (rr′ + rx′ + xr′, xx′)
for all r, r′ ∈ R and x, x′ ∈ Z and (0, 1) is the unit of R̂. For any M ∈ M˜R, we can
define a unital right R̂-action via
m(r, x) = mr +mx,
for all m ∈ M , r ∈ R and x ∈ Z. In this way, we obtain an isomorphism of categories
between between M˜R andMR̂. In general, there exists no unital ring S such thatMR
is isomorphic to MS, even if R is firm. However, we can describe MR as a category
of comodules over a coring (with a unital base ring). Remark first that the canonical
surjection M ⊗R R→M ⊗R̂ R is an isomorphism.
Lemma 2.1. Let R be a non-unital ring. Then R is a firm ring if and only if there
exists a bimodule map ∆ : R→ R ⊗R R ∼= R⊗R̂ R such that (R,∆, ι) is an R̂-coring.
Proof. Suppose R is a firm ring. Take ∆ = dR. The coassociativity of ∆ follows by the
associativity of µR, since they are two-sided inverses inMR. Denote ∆(r) = r(1)⊗R̂ r(2),
then ι(r(1))r(2) = r(1)ι(r(2)) = r(1)r(2) = µR ◦ dR(r) = r, so the counit property holds as
well.
Conversely, if R is an R̂-coring, one can easily check
(µR ◦∆)(r) = r(1)r(2) = r(1)ι(r(2)) = r
(∆ ◦ µR)(
∑
i
ri ⊗R r
′
i) = ∆(
∑
i
rir
′
i) =
∑
i
∆(ri)r
′
i
=
∑
i
ri(1) ⊗R ri(2)r
′
i =
∑
i
ri(1)ri(2) ⊗R r
′
i
=
∑
i
ri ⊗R r
′
i
so ∆ is a two-sided inverse for µR, so R is a firm ring. 
EQUIVALENCES BETWEEN CATEGORIES OF MODULES AND COMODULES 4
Theorem 2.2. Assume that R is a firm ring and let R = (R,∆, ι) be the associated
R̂-coring from Lemma 2.1. Then the categories MR and M
R are isomorphic.
Proof. Take (M, ρ) ∈ MR. Then M is in particular a right R̂-module, so a non-unital
R-module. Let dM,R be the composition M → M ⊗R̂ R
∼= M ⊗R R. As in Lemma 2.1
we can easily check that µM,R and dM,R are mutual inverses, so M is firm as a right
R-module.
Conversely, let M be a firm right R-module and define ρ as the composition
M
dM,R // M ⊗R R
∼= // M ⊗R̂ R
The coassociativity of ρ follows by the coassociativity of µM,R. Finally, for any m ∈M ,
(M ⊗R ι) ◦ ρ(m) = m
rι(r) = mrr = m,
so the counit property is satisfied as well. 
Firmly projective modules. Let A and B be rings, Σ ∈ BMA, Σ
† ∈ AMB and
µ : Σ† ⊗B Σ → A an A-bilinear map. Then we call (Σ,Σ
†, µ) a dual pair. Recall the
construction of an elementary B-ring Z† = Σ⊗AΣ
† associated to such a dual pair. The
multiplication of this ring is given by
µZ† = Σ⊗A µ⊗A Σ
†.
In general Z† has no unit. Σ and Σ† are a left, respectively right Z†-module with actions
given by
µZ†,Σ = Σ⊗A µ,
and
µΣ†,Z† = µ⊗A Σ
†.
(Σ,Σ†, µ) is said to be an R-firm dual pair if their exists a firm ring R together with
a ring morphism ι : R→ Σ⊗AΣ
†, ι(r) = er⊗A fr (summation understood) such that Σ
and Σ† are a firm left, respectively a firm right R-module, where the R-action is induced
by ι.
In particular, we can consider the notion of a firm dual pair, taking R = Z† and ι the
identity.
Consider the dual pair (Σ,Σ∗, ev), where ev : Σ∗⊗BΣ→ A is the evaluation map. We
will denote the associated B-ring by Z, the multiplication in Z as µZ , and the actions
of Z on Σ and Σ† by µZ,Σ and µΣ†,Z .
In this paper, we will call a B-A-bimodule Σ firmly projective if and only if the
elementary B-ring Z = Σ⊗A Σ
∗ is a firm ring and Σ is firm as a left Z-module.
Similary, for a firm B-ring R, Σ will be named R-firmly projective if and only if there
exists a ring morphism ι : R→ Z, ι(r) = er ⊗A fr and Σ is a firm R-module under the
R-module structure induced by ι.
Obviously, if Σ is firmly projective, then it is Z-firmly projective. In the following
Proposition we have collected elementary results about R-firmly projective modules and
R-dual pairs.
Proposition 2.3. (i) If Σ is R-firmly projective for any firm B-ring R, then Σ is
firmly projective.
(ii) If Σ is R-firmly projective, then (Σ,Σ†, µ) is a R-firm dual pair, with Σ† = Σ∗⊗RR
and µ = ev ◦ (Σ∗ ⊗R µZ,Σ).
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(iii) If (Σ,Σ†, µ) is an R-firm dual pair, then Σ is R-firmly projective and Σ† ∼= Σ∗⊗RR
as A-R-bimodule.
Proof. (i). First remark that the multiplication R⊗BΣ→ Σ is a right A-linear (and thus
an R-A bilinear) map, as it is the composition of right A-linear maps: (Σ⊗Aev)◦(ι⊗BΣ).
This implies that if Σ is R-firmly projective and, a fortiori, firm as a left R-module, the
isomorphism R⊗RΣ ∼= Σ holds as an isomorphism of R-A bimodules. This isomorphism
induces a well-defined map
d : Σ⊗A Σ
∗ ∼= R⊗R Σ⊗A Σ
∗ ι⊗RZ−→ Σ⊗A Σ
∗ ⊗R Σ⊗A Σ
∗ pi−→ Σ⊗A Σ
∗ ⊗Z Σ⊗A Σ
∗,
or d(u ⊗A ϕ) = er ⊗A fr ⊗Z u
r ⊗A ϕ for all u⊗A ϕ ∈ Σ⊗A Σ
∗. Obviously, µZ ◦ d = Z,
since erfr(u
r) ⊗A ϕ = u ⊗A ϕ. Conversely, consider an element u ⊗A ϕ ⊗Z v ⊗A ψ ∈
Σ⊗A Σ
∗ ⊗Z Σ⊗A Σ
∗ (summation understood). Then we compute that
(d ◦ µZ)(u⊗A ϕ⊗Z v ⊗A ψ) = er ⊗A fr ⊗Z (uϕ(v))
r ⊗A ψ
= er ⊗A fr ⊗Z u
rϕ(v)⊗A ψ
= er ⊗A fr ⊗Z (u
r ⊗A ϕ) · v ⊗A ψ
= er ⊗A fr · (u
r ⊗A ϕ)⊗Z v ⊗A ψ
= er ⊗A fr(u
r)ϕ⊗Z v ⊗A ψ
= erfr(u
r)⊗A ϕ⊗Z v ⊗A ψ
= u⊗A ϕ⊗Z v ⊗A ψ,
so d ◦ µZ = Z and Z is a firm ring. In a similar way, Σ is a firm Z-module.
(ii) follows immediately sinceM⊗RR is a firm right R-module for any right R-module
M .
(iii). Consider the morphism ζ : Σ† → Σ∗, ζ(ϕ)(u) = µ(ϕ⊗B u) for any ϕ ∈ Σ
† and
u ∈ Σ. Recall that we have a morphism ι : R→ Σ⊗A Σ
†, ι(r) = er ⊗R fr. Then we can
consider the morphisms
α : Σ† → Σ∗ ⊗R R, α(ϕ) = ζ(ϕ
r)⊗R r
β : Σ∗ ⊗R R→ Σ
†, β(ψ ⊗R r) = ψ(er)fr
A similar calculation as in part (i) shows that α and β are each other inverses. 
Examples of firmly projective modules and firm dual pairs can be easily obtained
from (locally) projective modules.
Galois comodules. Recall from [3] the notion of a comatrix coring context (there for
rings with unit). Let A and R be firm rings, Σ ∈ RMA, Σ
† ∈ AMR and consider two
bilinear maps η : R → Σ ⊗A Σ
† and ε : Σ† ⊗R Σ → A. Then (R,A,Σ,Σ
†, η, ε) is a
comatrix coring context if and only if the following diagrams commute.
(1) Σ
∼= //
∼=

R⊗R Σ
η⊗RΣ

Σ⊗A A Σ⊗A Σ
† ⊗R ΣΣ⊗Aε
oo
Σ†
∼= //
∼=

Σ† ⊗R R
Σ†⊗Rη

A⊗A Σ
† Σ† ⊗R Σ⊗A Σ
†
ε⊗AΣ
†
oo
In this situation, one can construct a R-ring Z† = Σ⊗A Σ
† with unit η and multipli-
cation Σ⊗A ε⊗AΣ
† (remark that (Σ,Σ†, ε) is a dual pair) and an A-coring D = Σ†⊗RΣ
with counit ε and comultiplication Σ† ⊗B η ⊗B Σ (see [6, Poposition 1.1]). Moreover
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Σ is a left Z†-module and a right D-comodule. Σ† is a right Z†-module and a left
D-comodule. Actions and coactions are given by the following formula
ρΣ,D = (η ⊗B Σ) ◦ dB,Σ µZ†,Σ = µΣ,A ◦ (Σ⊗A ε)
ρD,Σ† = (Σ
† ⊗B η) ◦ dΣ†,B µΣ†,Z† = µA,Σ† ◦ (ε⊗A Σ
†)
Theorem 2.4. Let A and R be firm rings, Σ ∈ AMR and Σ
† ∈ RMA. The following
statements are equivalent
(i) Σ is R-firmly projective;
(ii) there exists a comatrix coring context (R,A,Σ,Σ†, η, ε);
(iii) there is a pair of adjoint functors (− ⊗R Σ,− ⊗A Σ
†) between the categories MR
and MA;
(iv) there exists a “triple” of adjoint funtors (F,G,H) between the categories MR and
MA, i.e. (F,G) is a pair of adjoint functors between MR and MA and (G,H) is
a pair of adjoint functors between MA and MR, such that Σ = F (R).
Proof. (i)⇒ (ii). Suppose Σ is R-firmly projective for a firm B-ring R. Then one
easily checks that (R,A,Σ,Σ†, ι, µ) is a comarix coring context, where we denote as
before, ι : R→ Σ⊗A Σ
∗ the ring morphism from the definition of R-firmly projectivity,
Σ† = Σ∗ ⊗R R and µ = ev ◦ (Σ
∗ ⊗R µZ,Σ).
(ii)⇒ (i). The definition of a comatrix coring context implies that Σ is a firm R-
module. If we denote η(r) = er ⊗A fr for r ∈ R, then the commutativity of the left
diagram of (1) means that r · u = erfr(u), which means exactly that the R-module
structure of Σ can be seen as induced by η, exactly as in the definition of an R-firmly
projective module.
(ii)⇒ (iii). We restrict ourself to give the unit and counit of the adjunction and
leave the other verifications to the reader
αN : N → N ⊗R Σ⊗A Σ
†; α(n) = nr ⊗R er ⊗A fr;
βM : M ⊗A Σ
† ⊗R Σ→M ; β(m⊗A ϕ⊗R u) = mϕ(u);
for any N ∈MR and M ∈MA.
(iii)⇒ (ii). Denote by α and β the unit and counit of the adjunction. The unit
evaluated in R induces a right R-linear map
αR : R→ Σ⊗A Σ
†,
which is also left R-linear by naturality. Moreover, the counit evaluated in A provides
us with a map
βA : Σ
† ⊗R Σ→ A,
this map becomes again A-bilinear by naturality. We prove first that for any N ∈MR,
(2) αN ∼= N ⊗R αR,
i.e. the following diagram commutes.
N
αN //
∼=

N ⊗R Σ⊗A Σ
†
N ⊗R R
N⊗RαR
55jjjjjjjjjjjjjjj
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Take any n ∈ N , and consider the following map in MR, fn : R → N , fn(r) = nr. By
naturality of α, the following diagram commutes,
R
αR //
fn

R⊗R Σ⊗A Σ
†
fn⊗RΣ⊗AΣ
†

N
αN // N ⊗R Σ⊗A Σ
†
and (2) follows. Similarly we prove that for M ∈ MA, βM ∼= M ⊗A βA. The condition
that (F,G) is an adjoint pair means exactly that βFM ◦ F (αM) = F (M) and G(βM) ◦
αGM = G(M). If we evaluate these conditions in Σ and Σ
†, we obtain the following
commutative diagrams,
Σ ∼= R⊗R Σ
αΣ∼=αR⊗RΣ //
UU
UU
UU
UU
UU
UU
UU
UU
U
UU
UU
UU
UU
UU
UU
UU
UU
U
Σ⊗A Σ
† ⊗R Σ
Σ⊗AβA

Σ ∼= Σ⊗A A
Σ† ∼= A⊗A Σ
†
UUU
UUU
UUU
UUU
UUU
UU
UUU
UUU
UUU
UUU
UUU
UU
Σ† ⊗R Σ⊗A Σ
†
β
Σ†
∼=βA⊗AΣ
†
oo
Σ† ∼= Σ† ⊗R R
Σ†⊗RαR
OO
This means exactly that (R,A,Σ,Σ†, αR, βA) is a comatrix coring context.
(iii)⇔ (iv). This follows immediately from the Eilenberg-Watts theorem (see also
Theorem 3.1) 
Let (R,A,Σ,Σ†, η, ε) be a comatrix coring context as in Theorem 2.4. Then Σ is
R-firmly projective and Σ† = Σ∗⊗RR. For the associated comatrix coring the following
isomorphism holds D = Σ† ⊗R Σ ∼= Σ
∗ ⊗R Σ. Since this will be useful in the sequel, we
give the explicit formulas for the coactions of the associated coring and comodules.
εD : Σ
∗ ⊗R Σ→ A, εD(ϕ⊗R u) = ϕ(u)
∆D : Σ
∗ ⊗R Σ→ Σ
∗ ⊗R Σ⊗A Σ
∗ ⊗R Σ, ∆D(ϕ⊗R u) = ϕ⊗R er ⊗A fr ⊗R u
r
ρΣ : Σ→ Σ⊗A Σ
∗ ⊗R Σ, ρΣ(u) = er ⊗A fr ⊗R u
r
ρΣ† : Σ
† → Σ∗ ⊗R Σ⊗A Σ
†, ρΣ†(ϕ⊗R r) = ϕ⊗R es ⊗A fs ⊗R r
s,
for any u ∈ Σ and ϕ⊗R r ∈ Σ
† = Σ⊗R R (summation understood).
Let C be another A coring and suppose that Σ ∈ BMA. We will say that Σ is R-
firmly projective as C-comodule for a firm B-ring R if there exists a ring morphism
ι : R→ Σ⊗A Σ
∗ and Σ ∈ RM
C, i.e. Σ is a firm left R-module under the action induced
by ι and the action of R is C-colinear.
Under these conditions Σ is called an R-C Galois comodule if and only if the coring
morphism
(3) can : Σ∗ ⊗R Σ→ C, can(f ⊗R u) = f(u[0])u[1]
is an isomorphism. This definition of Galois comodule and its associated comatrix coring
was given in [11].
3. Equivalences beween categories of modules and comodules
The classical Eilenberg-Watts theorem for adjoint functors between categories of mod-
ules over unital rings can be easily generalized to firm modules over firm rings.
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Theorem 3.1. Let A and B be two firm rings. For a functor F : MB → MA, the
following assertions are equivalent:
(i) F has a right adjoint G :MA →MB;
(ii) F is right exact and preserves direct sums;
(iii) F ∼= −⊗B P for some B-A bimodule P .
Moreover, when (i)-(iii) hold, then the right adjoint G is given by
G = HomA(P,−)⊗B B,
where P = F (B) and G is unique up to isomorphism.
Proof. The proof is identical to the classical proof (see e.g. [13, Proposition 10.1]). 
Let (F,G) be a pair of adjoint functors beween two module categories,
MR
F //MA
G
oo
with unit η and counit ε. As it is well known, the composite functor C = FG :
MA →MA defines a comonad (cotriple) (C, FηG, ε) on the categoryMA (see e.g. [12,
Chapter VI]). Remark that an adjoint pair can be seen as a comatrix coring context
in the bicategory of categories, functors and natural transformations. The construction
of a comonad C is then equivalent to the construction of a comatrix coring from this
context within this bicategory. We can consider the subcategoryMC ofMA consisting
of all ‘C-coalgebras’. Recall that there exists a pair of adjoint functors
MA
GC //
MC
FC
oo
where FC is the forgetful functor and GC is given by the coristriction of the comonad
functor C. The original and new obtained adjoint pair of functors can be compared by
a unique functor, such that we obain the following diagram
(4) MR
F //
K
!!C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
MA
G
oo
GC

MC
FC
OO
It turns out that the functor K can be choosen as the corestriction of the functor F ,
since for any M ∈MR, F (M) ∈M
C .
If we apply the Eilenberg-Watts theorem to this situation, we obtain
C ∼= HomA(Σ,−)⊗R Σ,
Where we denote Σ = F (R). By applying the Eilenberg-Watts theorem a second time,
the comonad C is of the form −⊗A C (i.e. induced by an A-coring C) if and only if the
composite functor C is right exact and preserves direct sums. If this is the case, then
we find
(5) −⊗A C ∼= HomA(Σ,−)⊗R Σ.
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By construction we find that Σ ∈ RM
C, i.e. there is a ring morphism  : R→ EndC(Σ),
and a natural transformation (5) takes the form
(6) canM : HomA(Σ,M)⊗R Σ→ M ⊗A C, canM(f ⊗R u) = f(u[0])u[1]
for all M ∈MA.
For any firm ring R and A-coring C, we will call an R-C bicomodule Σ an R-C
comonadic-Galois comodule if (5) holds in the sense that (6) is an isomorphism for all
M ∈MA. Under the extra assumption that  is an isomorphism, this coincides with the
notion of Galois comodule studied by Wisbauer in [16]. If Σ is an R-C comonadic-Galois
comodule, the diagram (4) can be completed as follows
MR
−⊗RΣ //
−⊗RΣ
''OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
O MA
HomA(Σ,−)⊗RR
oo
−⊗AC

MC
FC
OO
HomC(Σ,−)⊗RR
ggOOOOOOOOOOOOOOOOOOOOOOOOOOO
The diagonal in this diagram is again an adjoint pair, this was proven in [11, Lemma 4.2].
Let us prove a version of the Eilenberg-Watts theorem that states that any adjunction
between a category of modules and comodules is of this form.
Theorem 3.2. Let R be a firm ring and C an A-coring. Let F : MR → M
C be a
functor and Σ = F (R). Then the following assertions are equivalent:
(i) F has a right adjoint G :MC→MR;
(ii) F is right exact and preserves direct sums;
(iii) F ∼= −⊗R Σ for some Σ ∈ RM
C.
In this situation we also have the following properties
(iv) The right adjoint G of F is unique up to isomorphism and given by
(7) G = HomC(Σ,−)⊗R R;
(v) there exists a ring morphism  : R→ EndC(Σ);
(vi) there exists a natural transformation
(8) canM : HomA(Σ,M)⊗R Σ→M ⊗A C,
given by canM(f ⊗R u) = f(u[0])u[1].
Proof. The proof goes allong the same lines as the classical Eilenberg-Watts theorem,
but let us give a complete proof for sake of completeness.
(i)⇒ (ii) is classical, (iii)⇒ (i) and (iv) follow from [11, Lemma 4.2]. (ii)⇒ (iii).
Put Σ = F (R), then Σ ∈ RM
C. Since R is a generator in MR, for any M ∈MR there
exists an exact sequence,
R(I)
f // R(J)
g // M // 0.
Here (M, g) is exaclty the cokernel of f . Apply the functors F and −⊗R Σ on this se-
quence. Since both functors are right exact and they preserve direct sums and cokernels,
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we obtain
Σ(I) // Σ(J) // M ⊗R Σ //

0
F (R)(I) // F (R)(J) // F (M) // 0
By the universal property of the cokernels (M ⊗R Σ, g ⊗R Σ) and (FM,Fg) we obtain
that F (M) ∼= M ⊗R Σ, this isomorphism is easily verified to be natural.
(v) follows from the fact that Σ ∈ RM
C, by construction.
(vi) follows by direct calculation. 
The following Theorem generalizes [16, 3.1].
Theorem 3.3. Let R be a firm ring, C an A-coring and Σ ∈ RM
C. Then the following
assertions are equivalent.
(i) Σ is an R-C comonadic-Galois comodule;
(ii) For every (C, A)-injective N ∈MC, the evaluation map
evN : Hom
C(Σ, N)⊗R Σ→ N, evN(f ⊗R u) = f(u);
is an isomorphism
Proof. (i)⇒ (ii). Recall that a right C-comodule N is (C, A)-injective if and only if
the comultiplication ρN : N → N ⊗A C has a left inverse γN in M
C. For all L ∈ MC,
consider the following diagram
(9) HomC(L,N)
i // HomA(L,N)
j1 //
j2
// HomA(L,N ⊗A C).
where the maps j1 and j2 are defined as follows
j1(f)(l) = f(l)[0] ⊗A f(l)[1], j2(f)(l) = f(l[0])⊗A l[1].
Define as well maps α : HomA(L,N) → Hom
C(L,N) and β : HomA(L,N ⊗A C) →
HomA(L,N) which are given by the formulas
α(f)(l) = γN(f(l[0])⊗A l[1]), β(g) = γN ◦ g.
Now it is easy to check that j1 ◦ i = j2 ◦ i, α ◦ i = HomA(L,N), β ◦ j1 = Hom
C(L,N)
and β ◦ j2 = i ◦ α, this means that (9) is a contractable equaliser. Consequently, If we
apply the functor −⊗R Σ to (9), we obtain a contractable equaliser inM
C (see e.g. [1,
Proposition 3.3.2] or [12, VI.6]). By the coassociativity condition, we can associate to
L a second equaliser in MC,
L
ρL // L⊗A C
ρL⊗AC //
L⊗A∆
// L⊗A C⊗A C
Now take L = Σ, than we can compare both equalisers by the cannonical map,
HomC(Σ, N)⊗A Σ
evN

i // HomA(Σ, N)⊗A Σ
canN

j1 //
j2
// HomA(Σ, N ⊗A C)⊗A Σ
canN⊗AC

Σ
ρΣ // Σ⊗A C
ρΣ⊗AC //
Σ⊗A∆
// Σ⊗A C⊗A C
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Since canN and canN⊗AC are isomorphisms, we find that evN is an isomorphism by the
universal property of the equalisers.
(ii)⇒ (i). For any right A-module M , the right C-comodule M ⊗A C is (A,C)-
injective. Consider the isomorphism
̟M = (−⊗A C) ◦ ρΣ : HomA(Σ,M) ∼= Hom
C(Σ,M ⊗A C)
one can easily check that canM = evM⊗AC ◦ (̟M ⊗A Σ), so we conclude that canM is an
isomorphism for all M ∈MA and Σ is R-C comonadic-Galois. 
Theorem 3.4. Let R be a firm ring and C an A-coring. Suppose that we have a pair
of adjoint functors (F,G) as follows
MR
F //
MC
G
oo
Put Σ = F (R). Then the following statements hold
(a) If G has a right adjoint then
(i) we have a comatrix coring context (R,A,Σ,Σ†, σ, τ), with Σ† = Σ∗ ⊗R R;
(ii) Σ is R-firmly projective (as a right C-comodule);
(iii) if R is flat as a left R-module then G ∼= −⊗C (Σ∗ ⊗R R).
(b) If (F,G) establish an equivalence of categories, then
(i) Σ is an R-C Galois comodule, this implies in particular C ∼= Σ† ⊗R Σ and
∗
C ∼= REnd(Σ);
(ii) Σ is an R-C comonadic-Galois comodule, this implies in particular C ∼= Σ∗⊗RΣ
and C∗ ∼= EndR(Σ
†);
(iii) Σ is a generator in MC;
(iv) if R is projective as a right R-module then Σ is a projective generator in MC;
(v) if C is flat as left A-module then Σ is faithfully flat as a left R-module.
Conversely, if C is flat as a left A-module then (b)(ii) and (b)(vi) imply that
(−⊗R Σ,Hom
C(Σ,−)⊗R R) is a pair of inverse equivalences between MR and M
C.
Proof. (a)(i)&(ii). Consider the diagram of adjoint functors
MR
F //
F ′
''OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
O MC
G
oo
FC

MA
GC
OO
G′
ggOOOOOOOOOOOOOOOOOOOOOOOOOOO
Where GC = − ⊗A C and F
C is the forgetful functor. By Theorem 3.2 we know that
F ∼= −⊗RΣ and G ∼= Hom
C(Σ,−)⊗RR. Then we can compute F
′ = FC◦F = −⊗AΣ
and G′ = G ◦ GC = HomC(Σ,− ⊗A C) ⊗R R ∼= HomA(Σ,−) ⊗R R, and (F
′, G′) is a
pair of adjoint functors. Denote the right adjoint of G by H . Since GC has also a right
adjoint, namely HC = HomC(C,−), we can conclude that G′ has a right adjoint given by
H ′ = HC◦H . By Theorem 2.4 we obtain immediately both statements, since Σ ∈ RM
C.
(iii) The statement follows now from part (ii) and [11, Theorem 4.4].
(b)(i). By part (a) we already know that Σ is R-firmly projective as right A-module.
Since G is fully faithful we can obtain C ∼= FG(C) = HomC(Σ,C)⊗RR⊗RΣ ∼= Σ
†⊗RΣ ∼=
Σ∗ ⊗R Σ.
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Let us know prove that ∗C ∼= REnd(Σ). Take ϕ ∈
∗
C, then we define α : ∗C→ End(RΣ)
by
α(ϕ)(u) = erϕ(fr ⊗R u
r).
Conversely, we have a map β : End(RΣ)→
∗
C :
β(ψ)(f ⊗R u) = f(ψ(u)),
with ψ ∈ End(RΣ). We check that α and β are each other inverses.
β ◦ α(ϕ)(f ⊗R u) = f(erϕ(fr ⊗R u
r)) = f(er)ϕ(fr ⊗R u
r)
= ϕ(f(er)fr ⊗R u
r) = ϕ(f · r ⊗R u
r)
= ϕ(f ⊗R r · u
r) = ϕ(f ⊗R u)
α ◦ β(ψ)(u) = erfr(ψ(u
r)) = r · ψ(ur)
= ψ(r · ur) = ψ(u)
Finally, let us check that α is a ring morphism.
α(φ ∗ ϕ)(u) = er(φ ∗ ϕ)(fr ⊗R u
r)
= erϕ(fr ⊗R esφ(fs ⊗R u
rs))
α(ϕ) ◦ α(φ)(u) = α(ϕ)(erφ(fr ⊗R u
r))
= esϕ(fs ⊗R e
s
rφ(fr ⊗R u
r))
Both are equal since er ⊗A fr ⊗R es ⊗A fs ⊗R u
rs = es ⊗A fs ⊗R e
s
r ⊗A fr ⊗R u
r.
(ii). Take any M ∈MA, since G is fully faithful we find,
M ⊗A C ∼= FG(M ⊗A C) ∼= Hom
C(Σ,M ⊗A C)⊗R Σ ∼= HomA(Σ,M)⊗R Σ.
So Σ is R-C comonadic Galois. Since −⊗R Σ and Hom
C(Σ,−)⊗R R make up a pair of
adjoint functors, for any M ∈MR and N ∈M
C, we obtain an isomorphism
HomC(M ⊗R Σ, N) ∼= HomR(M,Hom
C(Σ, N)⊗R R).
When we apply this to the situation Σ† ∈MR and C ∈M
C, we find
C
∗ ∼= HomC(Σ† ⊗R Σ,C) ∼= HomR(Σ
†,HomC(Σ,C)⊗R R) ∼= EndR(Σ
†).
(iii). This statement follows from classical arguments, but we give the proof for the
sake of completeness. Take any N ∈MC. Since we know that R is a generator inMR,
there exists an exact row (epimorphism) in MR of the following form
R(I) // G(N) // 0
Since (F,G) is an adjoint pair, F is preserves epimorphisms and direct sums, so we
obtain the following epimorphism in MC
F (R(I)) = Σ(I) // FG(N) = N // 0
where we used that G is a full and faithful functor. It follows that Σ is generator in
MC.
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(iv) To prove that Σ is projective, one can proceed in a similar way as in part (iv).
Suppose the following diagram with exact row (epimorphism) is given in MC
Σ
g

N
f // N ′ // 0
After applying the functor G, which preserves epimorphisms, we can complete the dia-
gram with a morphism h, since R is projective as a right R-module.
G(Σ) = R
G(g)

h
vvlll
ll
ll
ll
ll
ll
l
G(N)
G(f)
// G(N ′) // 0
Apply now the functor F , then we obtain
F (R) = Σ
FG(g)=g

F (h)
ttjjjj
jj
jj
jj
jj
jj
jj
FG(N) = N
FG(f)=f
// FG(N ′) = N ′ // 0
This shows that Σ is a projective right C-comodule.
The remaining statements follow from the stucture theorem for R-CGalois comodules,
see [11, Theorem 4.15]. 
Corollary 3.5. Let R be a ring with local units and C an A-coring. Suppose we have
an equivalence of categories
MR
F //
MC
G
oo
Put Σ = F (R). Then the following statements hold
(i) Σ is a locally projective right A-module (in the sense of Zimmermann-Huisgen
[18]);
(ii) F ∼= −⊗R Σ and G ∼= −⊗
CΣ†, with Σ† = Σ∗ ⊗R R;
(iii) We have a comatrix coring context (R,A,Σ,Σ†, σ, τ) and C is isomorphic to the
comatrix coring Σ∗ ⊗R Σ;
If C is flat as a left A-module, then the following statement holds as well
(iv) Σ is faithfully flat as a left R-module;
Conversely, (i), (iii) and (iv) imply that
C is flat as a left A-module and (−⊗R Σ,Hom
C(Σ,−)⊗R R) is a pair of inverse equiv-
alences.
Proof. Since R is a ring local units, R is locally projective and consequently flat as a
left R-module. Statements (ii), (iii) and (iv) follow directly from Theorem 3.4. Also
by Theorem 3.4, we know that Σ is a firm module over R, with action induced by a ring
morphism R→ Σ⊗AΣ
†, where (Σ,Σ†, τ) constitute a dual pair. Since R has local units,
this implies Z† = Σ⊗A Σ
† is also a ring with local units and Σ is a firm left Z†-module.
By [14, Theorem 3.4] we obtain that Σ is locally projective as a right A-module.
For the last statement, we only have to prove that C is flat as a left A-module. As
in the previous part, we find that the firm right R-module Σ† is locally projective as a
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left A-module, and consequently Σ† is flat as a left A-module. Since we also suppose
Σ to be flat as a left R-module, we find that C = Σ† ⊗R Σ ∼= Σ
∗ ⊗R Σ is a flat left
A-module. 
In the next corollary we use the notation and terminology of split direct systems that
was introduced in [6].
Corollary 3.6. Let R be a ring with idempotent local units and C an A-coring. Suppose
we have an equivalence of categories
MR
F //
MC
G
oo
Put Σ = F (R). Then the following statements hold
(i) Σ ∼= colimP for a split directed system P s : Z →MCfgp
s
(ii) F ∼= −⊗R Σ and G ∼= −⊗
CΣ†, with Σ† = colimP ∗;
(iii) We have a comatrix coring context (R,A,Σ,Σ†, σ, τ) and C is isomorphic to the
comatrix coring Σ∗ ⊗R Σ;
(iv) R ∼= colimT for a direct system T : Z → Fk, where Ti = End
C(Pi) for i ∈ Z.
If C is flat as a left A-module, then the following statement holds as well
(v) Σ is faithfully flat as a left R-module;
Conversely, (i), (iii) and (v) imply that
C is flat as a left A-module and (−⊗R Σ,Hom
C(Σ,−)⊗R R) is a pair of inverse equiv-
alences.
Proof. We can argue as in the proof of Corollary 3.5, to obtain that Z† = Σ⊗A Σ
† is a
ring with idempotent local unit and Σ and Σ† are firm left and right Z†-modules. We
can apply [6, Lemma 4.3, Lemma 4.11], to obtain a characterisation of Σ and Σ† in
terms of a colimit of a split direct system. It follows from the proofs of [6, Lemma 4.3,
Lemma 4.11] that the individual modules Pi of the split direct system are obtained as
eiΣ, where ei is an idempotent local unit of R. Since Σ ∈ RM
C, the action of ei is right
C-colinear and thus Pi is a right C-comodule.
Since modules that are discribed as a colimit of a split direct system are in particular
locally projective in the sense of Zimmermann-Huisgen (see [14]), all other statements
follow now from Theorem 3.4 and Corollary 3.5. 
Corollary 3.7. Let T be a ring with unit and C an A-coring. Suppose we have an
equivalence of categories
MT
F //
MC
G
oo
Put Σ = F (T ). Then the following statements hold
(i) Σ is a finitely generated and projective right A-module;
(ii) F ∼= −⊗T Σ and G ∼= −⊗
CΣ∗;
(iii) We have a comatrix coring context (T,A,Σ,Σ∗, σ, τ) and C is isomorphic to the
comatrix coring Σ∗ ⊗T Σ;
(iv) the map  : T → EndC(Σ) is an isomorphism.
If C is flat as a left A-module, then the following statement holds as well
(v) Σ is a finitely generated and projective generator in MC;
(vi) Σ is faithfully flat as a left T -module;
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Conversely, (i), (iii) and (vi) imply that
C is flat as a left A-module and (−⊗T Σ,Hom
C(Σ,−)) is a pair of inverse equivalences
with T = EndC(Σ).
Proof. By Theorem 3.4 and the above corollaries, we only have to prove the generating
part of statement (v). This proof can be found in [8, Theorem 3.2]. Recall that an
object X in an abelian category C is called finitely generated if and only if for any
directed family of subobjects {Xi}i∈I of X satisfying X =
∑
i∈I Xi, there exists an
i0 ∈ I such that X = Xi0 . If X is a generator for C, this condition is known to be
equivalent with the fact that HomC(X,−) preserves coproducts. Since C is flat as left
A-module, we know that MC is a Grothendieck category and HomC(Σ,−) = G, which
clearly preserves coproducts. 
4. Comonadic-Galois versus Galois comodules
Proposition 4.1. Let C be an A-coring, R a firm ring and Σ ∈ RM
C. If Σ is an R-C
Galois comodule, then S ⊗S Σ ∈ SM
C is an S-C comonadic-Galois comodule, for any
firm ring S such that R ⊂ S ⊂ T = EndC(Σ).
Proof. Remark that Σ is not always a firm left S-module, even if it is firm as a left
R-module, for this reason we have to consider S ⊗S Σ. Suppose Σ is a R-C Galois
comodule. We construct an inverse map for the natural morphism (6). Define
νM :M ⊗A C→ HomA(Σ,M)⊗S S ⊗S Σ,
as the composite of the following morphisms
M ⊗A C
M⊗Acan
−1
// M ⊗A Σ
∗ ⊗R Σ // HomA(Σ,M)⊗R R⊗R Σ // HomA(Σ,M)⊗S S ⊗S Σ,
We use the following notation can−1 : C→ Σ∗⊗RΣ, can
−1(c) = fc⊗A uc, then we check
(10) νM ◦ canM(φ⊗S s⊗S u) = νM(φs(u[0])⊗A u[1]) = φs(u[0])fu[1] ⊗S r ⊗S (uu[1])
r
Since Σ ∈ RM
C, the following diagram commutes
Σ
ρΣ,C //
ρΣ,D

Σ⊗A C
Σ⊗A Σ
∗ ⊗R Σ
Σ⊗Acan
55jjjjjjjjjjjjjjj
i.e. ρΣ,C(u) = u[0] ⊗A u[1] = erfr(u
r
[0]) ⊗A u
r
[1]. Applying Σ ⊗A can
−1 to, we obtain
u[0]⊗A fu[1]⊗R uu[1] = er⊗A fr⊗R u
r. If we apply now the firmness property of Σ on the
last factor in the tensor product, we find u[0]⊗Afu[1]⊗Rr⊗R (uu[1])
r = er⊗Afr⊗Rr
′⊗urr
′
With this equality we can rewrite the last formula of (10) in the following way
φs(u[0])fu[1] ⊗S r ⊗S (uu[1])
r = φs(er)fr ⊗S r
′ ⊗S u
rr′
= φs · r ⊗S r
′ ⊗S u
rr′ = φs⊗S r ⊗ r
′urr
′
= φ⊗S s⊗S u
For the converse, first remark that εC = ev ◦ can
−1
A , where ev is the evaluation map
ev : Σ∗ ⊗S Σ→ A, ev(ϕ⊗A u) = ϕ(u).
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This follows from the straightforward computation
εC ◦ canA(ϕ⊗S u) = ε(ϕ(u[0])u[1]) = ϕ(u) = ev(ϕ⊗S u),
and from can ◦ can−1 = C. Apply this new identity in the penultimate equality of the
next computation
canM ◦ νM(m⊗A c) = canM(mfc ⊗S r ⊗S (uc)
r) = mfcr((uc)
r
[0])⊗A (uc)
r
[1]
= mfc((r(uc)
r)[0])⊗A (r(uc)
r)[1] = mfc((uc)[0])⊗A (uc)[1]
= m⊗A fc((uc)[0])(uc)[1] = m⊗A fc(1)(uc(1))c(2)
= m⊗A εC(c(1))c(2) = m⊗A c,
where we used in the third equality that r is colinear and in sixth equality that can a
morphism of right comodules. 
Theorem 4.2. Let C be an A-coring, R a firm ring and Σ ∈ RM
C. If Σ is R-firmly
projective, then Σ is an R-C Galois comodule, if and only if Σ is an R-C comonadic-
Galois comodule.
Proof. If Σ is an R-C Galois comodule, then it is an R-C comonadic-Galois comodule
by Proposition 4.1. To prove the converse, remember that since we know that Σ is
R-firmly projective, we can construct the comatrix coring Σ∗ ⊗R Σ. Moreover, Σ is
comonadic-Galois, so in particular canA : Σ
∗ ⊗R Σ → C is an isomorphism (of right
C-comodules). This map is exactly the canonical coring morphism can (3), so Σ is also
an R-C Galois comodule. 
Theorem 4.3. Let C be an A-coring, R a firm ring and Σ ∈ RM
C. We denote T =
EndC(Σ)
(i) If Σ is an R-C comonadic Galois module, then Σ is also an T -C comonadic Galois
comodule (i.e. Σ is a Galois comodule in the sense of Wisbauer).
(ii) If R is a left ideal in T and Σ is an T -C comonadic Galois module then Σ is also
an R-C comonadic Galois comodule (and thus both properties are equivalent).
Proof. (i) Follows immediately form the commutativity of the following diagram and
the surjectivity of π,
HomA(Σ,M)⊗S Σ
canM,T // M ⊗A C
HomA(Σ,M)⊗R Σ
canM,R
44jjjjjjjjjjjjjjjjj
piM
OO
(ii) If R is a left ideal in T , then we know by [11, Lemma 4.11] that
πM : HomA(Σ,M)⊗R Σ→ HomA(Σ,M)⊗T Σ
is an isomorphism for all M ∈MA. Consequently canM,T is an isomorphism if and only
if canM,R is an isomorphism. 
Remark 4.4. That the converse of statement (i) of Theorem 4.3 does not hold in general,
follows from the following example. Let C = A be the trivial A-coring, and take Σ =
A. Then EndA(A) = A and for all M ∈ MA, the cannonical canM,A is the trivial
isomorphism canM,A : HomA(A,M)⊗AA→ M⊗AA. Take any nontrival ringmorphism
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R → A, such that R is no ideal in A. Then we can compute the maps πM and canM,R
as
HomA(A,M)⊗B A ∼= M ⊗B A→ M ⊗A A ∼= M
Which are clearly not isomorphisms in general.
A sufficient condition to obtain that R is an ideal in T , and thus that the Galois-
property in the sense of Wisbauer [16] is equivalent with R-C comonadic Galois is that
the functor G = HomC(Σ,−) ⊗R R (7) is a full and faithful functor (see [11, Theorem
4.15, (iv)⇒ (v)] or [10, Lema 2.4]).
Take any Σ ∈ SM
C, for any firm ring S ⊂ T = EndC(Σ). As before, let Z = Σ⊗A Σ
∗
be the elementary (possibly non-unital) S-ring associated to the dual pair (Σ,Σ∗, ev).
If moreover Σ is a S-C comonadic-Galois comodule, then we can also construct comul-
tiplications on Z and Σ as follows.
dZ,Σ = (Σ⊗A can
−1
A ) ◦ ρΣ,C
dZ = dZ,Σ ⊗A Σ
∗
Remark that dZ,Σ is equal to the map that is obtained by composing the obvious map
Σ→ EndA(Σ)⊗S Σ, u 7→ EndA(Σ)⊗S u, with the isomorphism
(Σ⊗A can
−1
A ) ◦ canΣ : EndA(Σ)⊗S Σ→ Σ⊗A Σ
∗ ⊗S Σ.
Consider the following diagram
Σ
ρΣ //
ρΣ

Σ⊗A C
Σ⊗Acan
−1
//
ρΣ⊗AC

Σ⊗A Σ
∗ ⊗S Σ
ρΣ⊗AΣ
∗⊗SΣ

(1) (2)
Σ⊗A C
Σ⊗A∆ //
Σ⊗Acan
−1

Σ⊗A C⊗A C
Σ⊗AC⊗Acan
−1
//
Σ⊗Acan
−1⊗AC

Σ⊗A C⊗A Σ
∗ ⊗S Σ
Σ⊗Acan
−1⊗AΣ
∗⊗SΣ

(3) (4)
Σ⊗A Σ
∗ ⊗S Σ
Σ⊗AΣ
∗⊗SρΣ // Σ⊗A Σ
∗ ⊗S Σ⊗A C
Σ⊗AΣ
∗⊗SΣ⊗Acan
−1
// Σ⊗A Σ
∗ ⊗S Σ⊗A Σ
∗ ⊗S Σ
The commutativity of this diagram can be checked as follows. The quadrangle (1)
commutes by coassociatityty of Σ, the commutativity of (2) and (3) follow by direct
computation (use can in stead of can−1) and the commutativity of (4) is trivial. We
obtain that
(dZ ⊗S Σ) ◦ dZ,Σ = (Z ⊗S dZ,Σ) ◦ dZ,Σ,
after tensoring the above equality with Σ∗ we find as well
(dZ ⊗S Z) ◦ dZ = (Z ⊗S dZ) ◦ dZ .
So Z is a (non-counital) S-coring and Σ is a left Z-comodule. Moreover since εC =
ev ◦ can−1, we have
µZ,Σ ◦ dZ,Σ = Σ;(11)
µZ ◦ dZ = Z.
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But we have more
Proposition 4.5. Let C be an A-coring and S any firm ring. Take Σ ∈ SM
C. The
following statements are equivalent
(1) The following canonical map is an isomorphism of A-A bimodules
can : Σ∗ ⊗S Σ→ C, can(f ⊗S u) = f(u[0])u[1];
(e.g. Σ is a S-C comonadic-Galois comodule)
(2) we have comatrix coring context (Z,A,Σ,Σ†, η, ǫ) with Σ† = Σ∗ ⊗S Z (i.e. Σ is
firmly projective) and C is isomorphic to the associated comatrix coring.
If there exists a firm ring R and a ring morphism ι : R → Z, such that Σ ∈ RM
C and
R is a left ideal in S, then Σ is an R-C Galois comodule.
Proof. Suppose first that can is an isomorphism. Let us prove that Σ is firmly projective.
Consider the maps µZ , µZ,Σ, dZ and dZ,Σ introduced above, where Z is considered as a
(nonunital) S-ring and a (non-counital) S-coring. Denote by µ¯Z : Z ⊗Z Z → Z and
d¯Z : Z → Z ⊗S Z → Z ⊗Z Z the induced multiplication and comultiplication map, and
similar for µ¯Z,Σ and d¯Z,Σ
By (11), dZ,Σ is a right inverse of µZ,Σ, and consequently also µ¯Z,Σ ◦ d¯Z,Σ = Σ. Let us
show that d¯Z,Σ is also a left inverse for µ¯Z,Σ. Denote d¯Z,Σ(u) = ez ⊗A fz ⊗Z u
z. Since
Σ ∈ ZMA, we find
d¯Z,Σ ◦ µ¯Z,Σ(u⊗A ϕ⊗Z v) = ez ⊗A fz ⊗R u
zϕ(v) = ez ⊗A fz ⊗Z (u
z ⊗A ϕ) · v
= ez ⊗A fz · (u
z ⊗A ϕ)⊗Z v = ez ⊗A fz(u
z)ϕ⊗Z v
= ezfz(u
z)⊗A ϕ⊗Z v = u⊗A ϕ⊗Z v
So we find d¯Z,Σ ◦ µ¯Z,Σ = Σ, consequently d¯Z ◦ µ¯Z = Z, so Z is a firm ring and Σ is a firm
left Z-module, i.e. Σ is firmly projective. By Theorem 2.4 this implies that we have a
comatrix coring context (Z,A,Σ,Σ†, η, ǫ) if we define
ǫ : Σ† ⊗Z Σ ∼= Σ
∗ ⊗S Σ→ A, ǫ(ϕ⊗S z ⊗Z u) = ϕ(zu);
η = d¯Z : Z → Σ⊗Z Σ
† = Σ⊗A Σ
∗ ⊗S Z
One can easily check that can is a coring isomorphism between the associated comatrix
coring and C.
The implication (2)⇒ (1) is trivial.
Finally, it follows from [11, Lemma 4.11] that C ∼= Σ∗ ⊗S Σ ∼= Σ
∗ ⊗R Σ, and Σ is an
R-C Galois comodule. 
Acknowledgment
The author would like to thank S. Caenepeel and G. Bo¨hm for helpful comments on
a previous version of this paper.
References
[1] M. Barr and C. Wells, Toposes, Triples and Theories. Available at
http://www.cwru.edu/artsci/math/wells/pub/ttt.html.
[2] T. Brzezin´ski, The structure of corings. Induction functors, Maschke-type theorem, and Frobenius
and Galois properties, Algebr. Representat. Theory 5 (2002), 389–410.
[3] T. Brzezin´ski and J. Go´mez-Torrecillas, On comatrix corings and bimodules, K-Theory 29 (2003),
101–115.
EQUIVALENCES BETWEEN CATEGORIES OF MODULES AND COMODULES 19
[4] T. Brzezin´ski and R. Wisbauer, “Corings and comodules”, London Math. Soc. Lect. Note Ser.
309, Cambridge University Press, Cambridge, 2003.
[5] S. Caenepeel, Galois corings from the descent theory point of view, Fields Inst. Comm 43 (2004),
163–186.
[6] S. Caenepeel, E. De Groot and J. Vercruysse, Constructing infinite Comatrix Corings from colimits,
preprint arXiv:math.RA/0511609 v2, Appl. Categorical Structures, to appear.
[7] S. Daˇscaˇlescu, C. Naˇstaˇsescu and S¸. Raianu, “Hopf Algebras”, Marcel Dekker Inc., New York,
2001.
[8] L. El Kaoutit and J. Go´mez-Torrecillas, Comatrix corings: Galois corings, Descent Theory, and a
Structure Theorem for Cosemisimple corings, Math. Z. 244 (2003), 887–906.
[9] L. El Kaoutit and J. Go´mez-Torrecillas, Infinite comatrix corings, Int. J. Res. Notices 39 (2004),
2017–2037.
[10] J. Go´mez-Torrecillas, Comonads and Galois Corings, preprint arXiv:math.RA/0607043.
[11] J. Go´mez-Torrecillas and J. Vercruysse, Comatrix corings and Galois Comodules over firm rings,
preprint arXiv:math.RA/0509106.
[12] S. Mac Lane, “Categories for the working mathematician”, second edition, Graduate Texts in
Mathematics 5, Springer Verlag, Berlin, 1997.
[13] B. Stenstro¨m, “Rings of Quotients”, Springer, Berlin, 1975.
[14] J. Vercruysse, Local units versus local projectivity. Dualisations : Corings with local structure
maps, Comm. Algebra 34 (2006), 2079–2103.
[15] R. Wisbauer, “Foundations of module and ring theory”, Gordon and Breach, Philadelphia, 1991.
[16] R. Wisbauer, On Galois comodules, Comm. Algebra 34 (2006), 2683–2711.
[17] R. Wisbauer, From Galois field extensions to Galois comodules, Advances in ring theory (2005),
263–281, World Sci. Publ., Hackensack, NJ.
[18] B. Zimmermann-Huisgen, Pure submodules of direct products of free modules, Math. Ann. 224
(1976), 233–245.
Vrije Universiteit Brussel VUB, Pleinlaan 2, B-1050, Brussel, Belgium
E-mail address : joost.vercruysse@vub.ac.be
URL: http://homepages.vub.ac.be/~jvercruy/
